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Abstract—It has been demonstrated experimentally and theoretically that the dispersion coefficients of
non-fluid particles in isotropic turbulent flows can exceed the dispersion coefficient of fluid particles. This
“inertia effect” cannot be allowed for in eddy interaction models in which it has been shown that the
long-time dispersion coefficient of non-fluid particles is always less than that of fluid particles. In the limit
of infinitely heavy particles, the difference between the dispersion coefficients is due to the difference
between the Lagrangian and Eulerian integral time scales 7, and 7 and it can be shown that 7z <7, in
existent eddy interaction models. In this paper, the relationship between 7 and 1 is investigated for a
modified eddy interaction model for which it is possible that t; > 7, , which will lead to greater long-time
dispersion of heavy non-fluid particles than of fluid particles. Numerical simulations are carried out to
quantify the effect of the modifications on the dispersion of finite size particles.
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1. INTRODUCTION

The eddy interaction model for particle dispersion in turbulent flows was first used by Hutchinson
et al. (1971) to model unidirectional particle dispersion in turbulent pipe flows. Several authors
(Gosman & Ioannides 1981; Shuen et al. 1983, for example) have since developed the method,
enabling its use in more complex turbulent flows. The model uses a stochastic approach to predict
the characteristics of the discrete phase in dispersed two-phase flows. Each of a number of
individual particles is tracked through a series of interactions with fluid eddies whose length,
“lifetime’” and velocity can all be random variables. The “crossing trajectory effect” (Yudine 1959),
whereby particle dispersion is reduced in the presence of strong body forces due to particles rapidly
passing through eddies, is allowed for by specifying that a new eddy be entered once the distance
between a particle and the centre of an individual eddy exceeds the eddy length.

In the model, the finite eddy length also influences the “inertia effect”. Graham & James (1996)
showed that, under the assumption that the drag on non-fluid particles is Stokesian, the eddy
interaction model always predicts that heavy non-fluid particles will be dispersed less rapidly, in
the long-time limit, than fluid particles. This was demonstrated to be the case whether or not
random eddy lifetimes and eddy lengths were used in addition to the usual random eddy velocities.
However, as discussed below, there is evidence that the dispersion coefficient for very heavy
particles should in fact exceed that for fluid particles. The purpose of this paper is to investigate
the possibility that eddy interaction models can be modified to predict the enhanced dispersion of
non-fluid particles by comparing Eulerian and Lagrangian fluid velocity auto-correlations and
integral time scales for a modified eddy interaction model.

It can be shown that, in homogeneous isotropic and stationary turbulence in which the
turbulence intensity is equal to «’, and assuming that Stokesian drag is the only force acting on
a particle, the long-time dispersion coefficient of non-fluid particles is given by

D,=u"” fw Rp(t)dt =u'*t} (1]
0

where R}(7) is the fluid velocity auto-correlation following the path of a non-fluid particle and tp
is the corresponding integral time scale of the fluid motion. In the limiting case of infinitely heavy
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particles, RP(t) is a correlation of velocities at a fixed point, i.e. an Eulerian fluid velocity
auto-correlation. In this case, 7} is equal to the Eulerian integral time scale, 7. The dispersion of
very heavy particles is thus dependent upon this Eulerian integral time scale. In the limiting case
of fluid particles, RP(z) is a correlation of velocities following fluid particles, i.e. the Lagrangian
auto-correlation. In this case, 77 is equal to the Lagrangian integral time scale, 7, .

Reeks (1977) and Pismen & Nir (1978) have developed theories which predict that very heavy
particles disperse more rapidly, in the long term, than fluid particles. The experiments of Wells &
Stock (1983), the direct numerical simulations of Squires & Eaton 1991 and the large eddy
simulations of Deutsch (1992) (reported by Minier & Pozorski 1992), all indicate the possibility
that the dispersion coefficient for heavy particles exceeds that for fluid particles. It is therefore
important that models used to simulate dispersion of non-fluid particles are flexible enough to allow
for this inertia effect. It is the question of the flexibility of the eddy interaction model which is
addressed here.

2. ANALYSIS OF EDDY INTERACTION MODELS

It is clear from the analysis of Graham & James (1996) that the decreased dispersivity of heavy
particles is due to the constraint used within the conventional eddy models that non-fluid particles
interact with a given eddy for a time not exceeding what has come to be called the eddy lifetime.
It should, however, be noted that this “eddy lifetime” is in fact the interaction time for a fluid
particle. In the following discussion, the term “‘eddy lifetime” is avoided in favour of the term “fluid
particle interaction time”, which is denoted as 7;. Within current eddy interaction models, the
interaction time for non-fluid particles is often less than 77, since the particle has frequently crossed
the eddy within 7;. The modified eddy interaction model considered below allows the interaction
time to exceed 7; and the relationship between Lagrangian and Eulerian integral scales is
determined for the new method.

For simplicity, the analysis of the models is restricted to one spatial dimension. The constant
fluid particle interaction time T} is chosen to be twice the Lagrangian integral time scale of
the turbulence 7;. Choosing T in this way ensures that the Lagrangian integral time scales of
the actual and model turbulence are equal. This ensures that the dispersion coefficient of fluid
particles is predicted correctly. The constant eddy length L, is chosen to be twice the Eulerian
longitudinal integral length scale, Az. This choice of eddy length ensures that the longitudinal
length scales of the actual and model turbulence are equal. The reader is referred to Graham
& James (1996) for a more complete discussion of length and time scales in eddy interaction
models.

2.1. Eddy interaction model specifications

In this section, a modification to the eddy interaction model is proposed. Present eddy interaction
models assume that the eddy interaction time is determined as the minimum of 7; and the eddy
“crossing time” (see Gosman & loannides 1981). The modified method assumes that the maximum
interaction time is equal to some value T,,,,, independently of T;. The conventional eddy interaction
model is retrieved by setting T,,, = T;. The eddy interaction time is determined by

(1) if |u,| < L./1,, particle is captured, set ¢, = T; =27
(2) otherwise, 1, = —1, log(l — L./|u,|t,), and t,= min(7,,, .).
In the above, u, is the fluid—particle relative velocity at the beginning of an eddy interaction, t, is

the particle relaxation time, L, is the eddy length and 7, is the Lagrangian integral time scale of
the simulated turbulence.

2.2. Eulerian time auto-correlations

In order to proceed with the analysis, we first note that the fluid velocity auto-correlation along
a non-fluid particle path can be found using the method of Wang & Stock (1992). The interaction
time ¢, can be considered to be a random variable. Graham & James (1996) developed the ideas
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of Wang & Stock (1992) to determine RP(z) from eddy interaction models. Using this analysis,
it can be shown that the auto-correlation function is given by

Tmax (" 4max (Lest)
f j 2h(u,) du, dt’
I

7| 0

lT1 < T,

Tmax (“tmax (Le-t)
Rf(r) = j J 2h(u,) du, dt’ 2]
0 0

0 otherwise

In [2], A(u,) is the p.d.f. of the fluid—particle relative velocity u, (equal to the fluid velocity in the
case of an infinitely heavy particle, i.e. a fixed point) and u,,, (L., ?") is the maximum relative
fluid—non-fluid velocity such that the time taken for the non-fluid particle to cross an eddy of length
L, is greater than ¢’ (see Graham & James 1996),

L,
Umax (Lea tl) = m - [3]

Eulerian (fixed-point) correlations are determined by allowing 7, to approach infinity, so that
Umax(Le, t)— L. /t". In this case, the Eulerian time correlation is given by

Toax (*Lelt’
J j 2h(u,) du dt’
|

ﬂ 2 |T| < Tmax

Tmax Le/l, 4
Re (1) = J J 2h(u,) du, dt’ 4
0 0

0 otherwise

As noted above, the relative velocity u, is equal, in the case of a fixed point, to the fluid velocity
u;, so that A(u,) is then the p.d.f. of the fluid velocity A(x;). The most common fluid velocity
distribution used in the literature (Gosman & Ioannides 1981; Shuen et al. 1983; Govan et al. 1989,
is the normal distribution with mean zero and standard deviation u’. In this case,

Lefid [, . 2 L 2 L
J e e 1AM gy Tmaxerf<% < >—|r|er _[_ 8)

’ ’
Le/Tmax Up Tmaxu 2 |‘Clu

Re(r) = r Le gmvpac? gy 4 T er ﬁ_L_>

’
Le/Timax Y1 2 Tou

£ |T| < Tmax

0 otherwise [5]

The Eulerian temporal auto-correlation function R (1) therefore depends upon the eddy length L,
and the maximum interaction time 7, and is independent of the fluid particle interaction time
T¢. Equation [5] has been evaluated using 64-point Gauss—Legendre numerical integration for three
different values of T, and for three different values of the turbulence structure parameter defined
as f =u't [Ag = u'T, /L., which represents the ratio of the Lagrangian and Eulerian (longitudinal)
length scales. The auto-correlations resulting from the choice of T,,, =1;, 2t, and 2.87; for
B =0.36, 1 and 2 are illustrated in figure 1(a) (for § = 0.36), (b) (for § = 1) and (c) (for § = 0.36).
The choice of constant T} leads to the linear Lagrangian auto-correlation function illustrated in
figure 1(a)—(c). It is interesting to note that, for each value of f used, the Eulerian auto-correlation
resulting from use of the “standard” eddy interaction model obtained by setting T, equal to the
fluid particle interaction time T is always exceeded by the Lagrangian auto-correlation. This result
is predicted by the analysis of Graham & James (1996). When BT,,.,/T; is small, the first terms in
both the numerator and denominator of [S] become small, resulting in a linear auto-correlation
function [see figure 1(c)], which is independent of the eddy length. In general, however, the
auto-correlation is not linear and does depend upon L.. With T, = 2.87,, for all values of §, it
is clear that the Eulerian integral time scale (which is the area under the Eulerian auto-correlation)
is significantly greater than the Lagrangian time scale.
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Figure 1. Eulerian temporal auto-correlation functions for various 7,,,. (a) § = 0.36, (b) B = 1.0 and (¢)
B =2.0.
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Figure 2. Dependence of Eulerian integral time scale upon maximum interaction time for various values
of B.

2.3. Eulerian integral time scales
Eulerian integral time scales are determined by integration of [4]

Le/x| L Lo /Toax
Tomax j <_e - |T|)2h (ue) dutg + (Tpx — 1) j 2h(ur) dug
o= J 0
0

Le/Timax U
@© L Le/Tiax dT. [6]
J 2 2h(u,) dup + Tmax j 2h () duy
Le/Tmax U 0

Numerical integration must also be used to determine the relationship between t; and T,,,,. The
relationship between 1z and T, is illustrated for various values of f in figure 2. When BT,,./T;
is small, 7 is equal to Ty, /2, independently of the eddy length. Generally, however, since the
auto-correlation is not linear and 7¢ depends upon both T,,, and L,. The figure can be used to
determine the appropriate value of T,,, to lead to a specified ratio of Lagrangian and Eulerian
time scales. Supposing that, for example, following Pismen & Nir (1978), it was required to choose
Tnax such that g /1, = 1.4. Pismen & Nir’s analysis leads to a value of f of approximately 0.36.
From figure 2, the appropriate value of 7,,, is approximately 2.87; . The corresponding value of
Tax /7L tO give tg/7, =1 is approximately 2t . Using the modified eddy interaction model, any
required value for the ratio of Lagrangian to Eulerian time scales can be specified for any given
value of the turbulence structure parameter f.

3. NUMERICAL SIMULATIONS

The analysis modified eddy interaction models in section 2 of this was concerned with infinitely
massive particles, leading to fixed-point Eulerian correlations. In practice, of course, eddy
interaction models are used to simulate the dispersion of particles of finite mass. It is therefore of
interest to determine the influence upon the dispersion of finite particles of the modifications
considered in section 2. To this end, a series of numerical simulations has been performed to
evaluate the dispersion of finite particles undergoing Stokesian drag in homogeneous isotropic
turbulence. The method used is similar to that used in Graham & James (1996), to which the reader
is referred for further details of numerical simulations. In each case, 20,000 particles were used,
the fluid velocities followed the normal distribution and the total length of the numerical simulation
was 2500 .. Three values of the maximum interaction time and three values of the turbulence
structure parameter have been investigated. Dimensionless long-time dispersion coefficients
D, /u"*t, are plotted as functions of particle Stokes number z, /7 in figure 3(a) (for § = 0.36), (b)
(for g =1) and (c) (for § = 0.36) for T,,, = 7., 21, and 2.8z, . Figure 3(a) also illustrates the results
from the analysis of Pismen & Nir (1978), which assumes a value for  equal to 0.36.
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Figure 3. Long-time dispersion coefficients vs particle Stokes number for various T,,,.
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It is clear from figure 3(a)-(c) that the computed dispersion coefficients are dependent upon
both the Stokes number and the ratio tg/t, (which is determined in each case by the
maximum interaction time). In addition, by comparing the results for a given value of T,
but with different values of f, the dispersion coefficients can also be seen to depend upon
the turbulence structure parameter. For each value of § and T,,,, the dispersion coeflicient of
fluid particles (r,—0) is predicted correctly. This is an important feature since the method
must certainly function properly for fluid particles, independently of the eddy length and the
maximum interaction time. For a given value of f, the particle dispersion coefficient is equal
to the dispersion coefficient of fluid particles over a range of 7./t . Above a certain value of the
Stokes number 7, /7, (which appears from the results to be close to 1/, ), the particles appear to
lose their ““fluid-like” quality and the particle dispersion coefficient differs from that of fluid
particles.

In each case, the ratio D, /D for the heaviest particles (z, /7, = 50) is close to the ratio 7¢ /7, found
using figure 2. The case T,,, = 21, corresponds to the “‘standard” eddy interaction model where
the maximum interaction time is equal to the fluid particle interaction time 7;. In this case, the
dispersion coefficient for the heaviest particles is always slightly less than 1.

For the case f = 0.36, for this value of T,,,, the relationship between dispersion coefficient and
relaxation time follows qualitatively the same form as the results of Pismen & Nir (1978). The
agreement with Pismen & Nir’s results is excellent for fluid-like “low-inertia” particles (z,/1; < 0.2)
and for “high-inertia” particles (r,/t, > 10). The dispersion coefficient for particles in the
“mid-inertia” range are under-predicted compared with Pismen & Nir’s results. However, even in
this range, the predicted dispersion coefficients are always within approximately 15% of the
analytical results. The simulations show that, by choosing the correct eddy length L., fluid particle
interaction time 7; and maximum interaction time T, so that the Eulerian longitudinal integral
length scale Ap and the Eulerian and Lagrangian integral time scales (t¢ and 1, , respectively) in
the simulated turbulence are equal to those in the actual turbulence, the eddy interaction model
can lead to very good predictions of particle dispersion.

By a suitable choice of T,,, > 7}, the modified eddy interaction model can therefore be used in
practice to predict enhanced dispersion of heavy particles. By choosing T, to be less than T, the
dispersion coefficient for very heavy particles is less than that for fluids. This is demonstrated in
figure 3(a)-(c) for T,,,, = 71, in which case the dispersion coefficient of the heaviest particles is only
approximately half of the dispersion coeflicient of fluid particles, dependent on the turbulence
structure. It should be noted that any ratio D, /D; for heavy particles could be chosen by choosing
the value of T,,, leading to the appropriate value of 7¢/7..

4. CONCLUSIONS

Eulerian temporal auto-correlation functions and integral time scales in eddy interaction models
have been evaluated using numerical integration for several combinations of turbulence structure
parameter § = u't /Ay and maximum interaction time T,,.

(i) By suitable choice of T,,,, (Which may be greater than the fluid particle interaction time
T, allowing non-fluid particles to interact with eddies for longer than fluid particles are
allowed) it is possible to predetermine the ratio between the Eulerian and Lagrangian
integral time scales. The value of T,,, required for a given ratio tz/r; has been shown
to depend on the turbulence structure.

(ii) By choosing the correct eddy length L., fluid particle interaction time 7} and maximum
interaction time T,,, so that the Eulerian longitudinal integral length scale and the
Eulerian and Lagrangian integral time scales in simulations of turbulent flows are equal
to those in the actual turbulence, the modified eddy interaction model can lead to very
good predictions of particle dispersion.

(iii) Using a suitably large maximum interaction time, it is possible to ensure that heavy
particles disperse more rapidly, in the long term, than fluid particles. Use of a suitably
small T, ensures that fluid particles disperse more rapidly than heavy particles.
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